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Abstract

We derive the closed expression for the Markov-correlated Bernoulli trial probability generating
function and its mean value for arbitrary N.
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l. Introduction

The Markov-correlated Bernoulli trials is the most simplest model of correlated Bernoulli trials. It was
dealt by Viveros, Balasubramanian, and Balakrishnan (1994). Unfortunately their result for the
generating functions and its mean were not correct (this can be verified by trying their results for p; =
p,. We will derive the correct results in this paper.

Il. Probability Generating Function

We derive that the Markov-correlated Bernoulli trial probability generating function (PGF)
oy () = E(t*V) = 21::0 P(Xy = k) t* (N = 2) where X,y denotes the number of successes in the
first N trials is given by

(@ = BMpot + @V~ = BN ((q1 — g2)pot + (P2t + 42)q0) — (@V 72 = BN aBq,
(a-pB)

For N=1, it is trivial and ¢, (t) = pg t + qo. The parameters, @ and S, are eigenvalues of the modified

pn(t) =

Markov matrix

(e &)

They satisfy
a+f=pt+ q

af = (p1qz — P2q1)t = (p1 — P2t



The Markov chain parameters, pg, p1, P2, are defined tobe py = P(0; =S),p; =P(0; =S |0;_1 = 5),
p2 = P(0; = S| 0;_1 = F), where 0; is the outcome of trial i (i = 1) and S and F denote success and
failure, respectively. Letq; =1—p; (j =0,1,2).

Regarding the numerator as a function of @ and 8, i.e. f(a, B) = @y (t)(a — B), you find
f(a,a) =0and f(B,a) = f(a,B). Thusthe numerator has the factor (@ — ) and is a symmetric
polynomial of @ and 8. That is, the numerator has the form of (@« — B)g(a + B, aB). Therefore, as
expected, @y (t) is a polynomial of t up to the power of N, since a + [ and af are linear in t and the
highest power of  + 8 is N — 1, which is multiplied by p,t.

By knowing this expression explicitly, we can calculate the mean E(Xy) = ¢y (1), and the
variance V(Xy) = E(X3) — E(Xy)? = on(1) + oy (1) — (en(1))?%, using the fact that @y (t) =
EXy t*¥") and py(t) = E(Xy(Xy — Dt¥v72).

Note that when p; = p, = p, we have § = 0, which leads to
en(@® =@t + " (Pot + q0)
Whenp = p; = p, = p,, this leads the standard Bernoulli trial PGM as expected:
on (@) = (pt + ¥

The starting point is to decompose @y (t) as (introduced by Viveros, Balasubramanian, and
Balakrishnan (1994)):

S F
pn(t) = <p,(v)+ <01(v)

where qo,gs) and quE,F) are the net contributions to the PGF from N sequences of trials ending in a success
and in a failure, respectively. Then we have their difference equation:

) ()
(‘PN ) _ (P1 t p2 t) <‘PN—1)
F |~ (F)
(pN q1 q2 ¢N_1
Their result Eq. (20) can be shown to be wrong easily when you compare their result for p; = p,. Since
it is easy to calculate N=1 case, this equation is reduced to

(5) -
O (p1 t P2 t)"’ ! (po t)
(F) a1 92 qo
Pn
The result of this paper is to explicitly solve this equation.

One can convince oneself for the validity of this equation by explicitly calculating (pIE,S)and
<p1E,F)by hand following Markov chain, up to n=4:

s
<P1()=Pot



F
<P1()=CI0

S
0SD = py qot + pypo t?

F
‘Pz(): Q290+ q1Pot

S
0% = by G2 qo t + (P2 41 Po + P1P2 qo) t2 + Py Py Po t3

F
<p§)= 9292 Qo+ (42 41 Po + 1 P2 90 )t + q1 P1 Po t2

0 = prarqz qot + (91 P2 42 9o + D2 Q1 D2 G0 + P2 G2 41 Do) t2

+ (P1P1 D290+ P1P2G1Po+ P2q1P1Po)t3+ pipipapo t*

F
<p§)= 92 429290+ (42 G2 91P0 + 92 91 P2 9o + 91 P2 G2 o)t + q1 D1 P1 Do t>

You can verify the difference equation for n=2:

(s
(%)= Co )

%
For n=3:
) ) 2
(o) = G () = € 7" ()
3 2

= (plpl 2+ poqit pip2t’ +p2q2 t) (pO t)
Gpitt @2 qp G1P2t+ 42 4o

_ <P1P1P0t3+ P2 q1Pot? + P1P2qot? + Pz%%t)
GLP1Pot’ + G2 @1 Pot+ q1D2qot+ G2 42 Qo

p1t P2 t)N_l
41 q>
eigenvalues are not degenerate, we can find a normal matrix D such that D™1A4 D is diagonal and D

The task is to obtain the general expression for ( For any real matrix A whose

can be constructed from eigenvectors. For our case, find eigenvectors using the following equation:
G )@=+ ()
a1 4z / \v P \v
where p is the eigenvalue of the relevant matrix which satisfies

p?— (pit+ qp+ (P1 G2 — q1p2)t =0

Thus the diagonalization matrix is given with & and § by (normalization being irrelevant):



Its inverse is given by

(a —qz) (a— q2)(B— q2)

D1 = (a—pB) (a— Ba
_ B - q2) (a-q)(B- qz)
(a-p) (a- Ba

The denominator (a — B) signifies the non-degeneracy requirement for eigenvalues.

We can verify the following
—1 (P11t p2t (0( 0)
D1 D =
( 41 q: ) 0 B
Instead, we verify the next one:

(plt pzt):D<a 0) p-1

a1 92 0 p
or
(a-q3) _ (@=a2)(B-4q2)
(}1 1111 (a 0) (a=$) (a- Bax _
a-qz PB-q U _B-qz) (a-a2)(B-4a2) -
(a- ) (a-B)ax
a B (a—qz) _ (a-g2)(B-qz)
a B (a=B) (a—B)q1
- G| (g-a) (@-a)B-a)
(@—qz) (B-92) (@-B) (a - 5)‘11

The 11 term is

a@-a) _ pB-a») _ (@-B)a+p)-(@-Bas _ o o
@B @ B @8 @+ B)— qz=@1t+ q2) —q2 = p1 t

The 21 term is

aqr (@—q)  Bn (ﬂ—fh)z aqi  Baq = q
@-a)(@=p B-a) @p (@pH @p

The 12 term is

_ala—a)(B-a) | Bla-a)B-a2) _ _ (@—a)(B-az) _ _ aB-ax(a+p)+adj
(a—PBlay (a—ﬁ)th q1 q1
_PiGmaapdt-a G thadte: _
0 = D2




The 22 term is

_aqs  (a—q2)(B—4q2) + Bar (a-ax)(B-az) _ _ a(B-4d2) + Bla—qz)
(a-q2) (a—=Pax B-a2) (a-Paqs (a—p) (a=B)

= qz
Finally we solved the equation as
($) N-1 N-1 N—1
N pit ppt Pot _( (a 0) _1) Poty _ (a 0) 1 (Pot
(P0)= Gl 2 G = o5 Do) ) =0 (g0 ()

Or

) 1 1 / (@ —q2) _ (@ - q)(B— q2)
L I q a'=t 0 (@—p) (@= Ba Pot
< ““) ( w7 fqz) Co )| 6 @ae-an |(a)

PN a—q;
\ (a-B) (a- B /
o1 (@ = q2) _ pN-1 (ﬁ q2) _N-1 (a— q2)(B— q2) N—1 (@-q2)(B- q2)
= |/a (@ = B) 4 @-p) ¢ (a— B)q: th (a-Ba | (po t
aN_l q1 ﬂN 1 q1 (ZN 1 (ﬁ qZ) BN_l (a - qZ) qo
\ (@ = B) (a-B) @-p (a-p) /
Noting that
_ (@ — q2)(B—q2)
p2t = —
q1
the previous equation can be written as
(x-q2) (3 B-4az) -1 D2t - D2 t
_ 1(a—B) g -B Nl(a—B)_BNl(a B) (pot)
N-1 _ 'BN 1 _ 41 _ _N-1 B—4q2) ‘8N 1 (@—q2) qo
(a— B -B) (a-B) (a-B)
aN-1 pN-1
@=p ((@ = g2)pot +p2qot) - @- B ((B—= a2)pot+ p24q0t)
a1 pN-1
m(qlpo t— (B — 42)q0) — m(qlpo t—(a — q2)90)

The final result for @y - (p(s) q)IE,F) is given by

N-1
PN = h((fx - q)Pot+DP2qot +q1pot — (B — 42)q0)



N-1

((B— q2dpot+ p2qot+ qibot — (@ — q2)q0)

C@-p
Or
N-1
Ul ((@+ g1~ g2)pot — (B~ P2t — q2)q0)
N-1
" - ﬁ)((ﬁ+ 41— q2)Po t — (@ — p2 t — q2)q0)
Or
oy = (@" — Mot + (@™ — BV (g1 — ?;)_p(;}t; (P2t + g2)q0) — (@2 — B¥"*)afqq

We can verify the validity of the result for some N’s.
For N=2, we have
@, (@ — B) = (a® = BH)pot + (a — 3)(( q1— q2)po t + (Pt + QZ)QO)
That is,
P2 =(P1t+ @) Pot+ (@1 —a2)pot + (P2t+ 42) Go = P1Pot” + P2 ot + GaPo t + G240

For N=3, we have

@3 (a— B) = (a® = B*pot + (@® — B ((q1 — q)po t + (P2 t + q2)q0) — (@ — BlaBqo

That is,

ps =((a +B)*— aPpot + (@ +B)((a1— aIpo t + (P2t + 42)q0) — aBdo
Noting that

at f=pit+q
af = (p192 — P2 q1)t

we have

o3 =(a@ +B)Ppot+(a+ ﬁ)((‘h — q)pot+ (p2t+ ‘ZZ)CIO) — af(pot + qo)
Or

03 =(P1t+ @)% pot+(prt+ ‘h)((‘h — @pot+(p2t+ CIZ)QO) — (P192 — P2q1)(Pot + qo)t



Or
@3 = p1p1Po t3 + (q1p1Po + P1P290 + P291P0)t* + (G291P0 + 41P290 + P29290)t + 429290
1. Mean value calculation

We derive the following for the mean:

(N-DA-y) -1 —-y"H N 1—yMt
a-7? P Ty

wherey = p; —p,. Note that the numerator of the third term contains the factor (1 — y)?, since

en(D) =po+ (N = Dp; +y Po
N-DA-N-A-y"DH=0-NWV-D- A+ y+y*+ .+ y"?)
We now like to calculate the mean, ¢y (1). Note that

/ O]
50 = @ (%)

%

Using

) (s)
(‘PN ) _ (P1 t p2 t) <‘PN—1)
|~ (F
(pN q1 q2 ¢N—1

(s 9 )
‘pN( ) _ (Pl Pz) ‘PIE/—1 n (P1t Pzt) Pn-1
1(F) o o\ ® . g\ ®

) Pn1 Pn-1

we have

Thus, we now have

(Ph®) = (7 72) (ZlEI?)l) RO <ZN§1>
N1 N-1

) 1(S)
. @1 ") _ (Pol 2 _ (Po _
with <(,01(F)> = (qo) and <<p{(F)) = (O) . Therefore, we have fort =1

’ N-2 1(S)
(pro(l)) _ (%1 Iz)z) (51 52) (1;2) N (m; q1 ngqz) (‘;};ﬁ-);)
Or noting thatp; +q; = landp, +q, =1,

(0)= (3 )G 3

N-2

)+ (")



This equation is valid even for N= 2, since

@2(t) = p1pot* + q1Pot +D2qot + G290
®1(t) = pot+ qo
lead to
93(1) = 2p1po + P290 + q1P0 = P1Po + P290 + (P1 + q1)Po = (P1P0 + P290) + Po
Therefore
N-2

(PhP) =)+ (3 )12 G 2t G

j=0
Eigenvalues for (Zi Zz) are p; — p, and 1:
p? = (p1+ a)p + (142 — P2q1) = 0
p?— (p1—p2+ Dp+(p1— p2) =0

(p—D(p—(1—p))=0

Thus it can be diagonalized by

And

D1 = 1 (CI1 —Pz)
(p2 +q1) \P2 P2

That is,

— 1 _ -
(Zi Zz) =D (pl 0 & (1))0_1 - p2(p2 + q1) (—p;z Z:) (pl 0 & (1)) (g; PIZZ)

Consequently

=

-2

(D) = ()4 (B P)p iy (g O fomr (7

-
Il
o

2
t\.)

(‘PNO(D) _ (0 ) + (P1 Epz (1)) ((P1 Opz)j (1)) p-1

(a)

-
1l
o



1—(p —p)V !

(DY _ (P — 1 0 1 41 —P2\ (P
)= D o e IC)
' (1
(‘PNO( ))
1-(p—p)"™ 1
_ (P pr1—p2 1 0 (1-@i—-p))po—p
_(00)+(10 ’ 0) 1—(27(1)—272) N1 1—(p1—p2)< ' p:)o 2)
1—(py—p)V?
oy (1) _ (Po (p—p;) N—-1 1 (11— —p))po— P
(g2 =)o T O M gy (TR
o (N=Dp, = 1 —p)A = (1 = )" D1 = (p1 = p2))po — P2)
=Pty t - G1-p))?
Or
(N-DA-y) -1 -y"H 1—yN !

oy =po+ (N—Dp, +vy P2ty Do

(1-y)? 1-y
wherey = p; — p,.
Let us calculate the first few N. For N=1, we have ¢y (1) = p,, which is trivial. For N=2,

1-v)-01-v) 4 1-vy
(1_ y)z b2 Vl_ypo

() =po+ p2+y

Or
©2(1) = po + p2 + (P1 — P2)Po
For N=3,
21-y)—(1—-v? 1—y2
'(1) = 2
3(1) =po + 2p, +y 1= )2 Pz"‘)’l_ypo
Or
, 2—(1+ypy
p3(1) =po + 2p, tY =5 P2 + vy +7¥)po
1-y)

Or

©3(1) =po+ 2p2 +yp2 +¥(1 +¥)po



For N=4,

31-y) -1 -v? 1—y3
1(1) =po+3p, +y +vy
2 Po p2 (1— 7)2 b2 1—y Po
Or
Ps(D) =po+3p, +v2+y)p2 +v(A+ v+ ¥ po
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